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Abstract 

In this paper we develop the semifilter approach to the classical Menger 
and Hurewicz properties and show that the small cardinal @ is a lower bound 
of the additivity number of the cr-ideal generated by Menger subspaces of 
the Baire space, and under u < g every subset X of the real line with the 
property Split(A, A) is Hurewicz, and thus it is consistent with ZFC that 
the property Split (A, A) is preserved by unions of less than b subsets of the 
real line. 

Introduction 

In this paper we shall present two directions of applications of semifilters in 
selection principles on topological spaces. First, we shall consider preservation by 
unions of the Menger property. 

Trying to describe the cr-compactness in terms of open covers, K. Menger intro- 
duced in Mc the following property, called the Menger property: a topological 
space X is said to have this property if for every sequence (u n )neuj of open covers 
of X there exists a sequence (v n ) n&UJ such that each v n is a finite subfamily of u n 
and the collection {Uv n : n S uj} is a cover of X. The class of Menger topological 
spaces, i.e. spaces having the Menger property appeared to be much wider than 
the class of cr-compact spaces (see |BT| . |CP| . |JMSS| and many others), but it 
has interesting properties itself and poses a number of open questions. One of 
them, namely the question about the value of additivity of corresponding cr-ideal, 
will be discussed in this paper. Let us recall that a collection X of subsets of a 
set X is called a a-ideal if it is closed under taking subsets and countable unions. 
Therefore, the union \Jj belongs to X for every countable subfamily J of X. In 
light of this property of cr-ideals it is interesting to find the smallest cardinality r 
such that the union UJ7 in not in X for some Jcl with \ J\ = r. When UX = X 
and X ^ X such the cardinality obviously exists and we denote it by add(Z). It is 
easy to prove (see, for example, |JMSS| 1 that the collection M(X) of subspaces of 
a topological space X contained in subspaces with the Menger property form a cr- 
ideal, so one can ask about the value of &dd(M(X)). According to BST], for the 
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Baire space N" this additivity number is situated between cardinals b and cf(Z>), 
where b and o are well-known bounding and dominating numbers respectively, 
see | Va| . It was also conjectured in BSTJ that &dd(M(X)) = b, see Problem 2.4 
there. We shall prove here that another small cardinal, namely g, is an lower 
bound of add(M(X)) for each hereditarily Lindelof topological space X. Since 
there are models of ZFC with b < g (see |Vap . this answers the above mentioned 
problem in negative. Concerning topological spaces which contain non-Lindelof 
subspaces, the straightforward proof of the fact that this additivity equals Hi is 
left to the reader. 

Another direction is devoted to splittability of open covers. Following |GN| 
and |JMSS| we say that a family u of subsets of a set X is 

• a large cover of X , if every x £ X belongs to infinitely many U £ u; 

• an Lu-cover, if for every finite subset K of X the family {U £ u : K C U} is 
infinite; 

• a ^-cover, if for every x £ X the family {U £ u : x U} is finite. 

From now on we denote by A(X) (resp. £l(X), T(X)) the family of all large (resp. 
(J-, 7-) covers of X. A topological space X satisfies the selection hypothesis 
Split (A, A), if for every u £ A(X) there are v%,V2 £ A(X) such that v\ (~l V2 = 
and vi Uv2 C u. The class Split (A, A) contains all Hurewicz spaces and all spaces 
with the Rothberger property, see |Scl Cor. 29, Th. 15]. Recall, that a topolgical 
space X has the Hurewicz property, if for every sequence (u n ) neuJ of open covers 
of X there exists a 7-cover {B n : n £ lu} of X such that each B n is unbounded, 
which means that B n £ Uv for some finite v £ u n . Substituting "7" for "cj" in 
the above sentence, we obtain the definition of the property (JfinC^> w hich will 
be refered in this paper as the property of Scheepers. If, additionaly, each v n in 
the definition of the Menger property contains only one element of u n , we obtain 
the definition of the Rothberger property. 
The following problem is open. 

Problem 1. ('SPM, Issue 9, Problem 4-1], 'Ts3, Problem 6.7]). Is the property 
Split(A,A) preserved by unions of subsets o/R? 

We shall show that under additional strong set-theoretic assumption u < g 
every Lindelof paracompact topological space X is Hurewicz provided it has the 
property Split (A, A), which implies that positive answer onto the above problem 
is consistent. In particular, this implies that under u < g every Rothberger space 
is Hurewicz. It is worth to mention here, that under CH there are so called Luzin 
subsets of the Baire space N w , which have the Rothberger property but fail be 
Hurewicz, see JMSS for details. Therefore the statement "the family of Hurewicz 
subspaces and the family of subspaces with the property Split(A, A) of the real 
line coincide" is independent of ZFC. 

The reason why such the different results of these two parts are unified in one 
paper is that both of them are proved with use of semifilters. 
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Semifilters 

To begin with, let us recall from |Va| the definition of the small cardinal g. 
Let C be a countable set. A family V C [C) H ° is said to be open, if X 6 V 
provided X C* Y for some Y G X? (here and subsequently X C* Y means that 
the complement X \ Y is finite, and [A]^ (^4 <N °) denotes the set of all countable 
infinite (finite) subsets of a set A). A family T> is called groupwise dense, if 
for every infinite collection II of finite parwise disjoint subsets of C there exists 
an infinite Ti C II such that U7i € V. By definition, g equals to the smallest 
cardinality of a collection of groupwise dense families with empty intersection. 
Given arbitrary groupwise dense family 2?, consider the family T = {C \D : D G 
V} U 3r(C), where 3r(C) denotes the Frechet filter on C consisting of cofmitc 
subsets. From the above it follows that T satisfies the following conditions: 

(1) Gef provided F C* G for some FeJ; 

(2) every collection II of pairwise disjoint finite subsets of C contains an infinite 
subset TL such that C \ UTC belongs to T . 

Following |B"7] . we define a family T of infinite subsets of C to be a semifilter, if 
it satisfies the above mentioned condition (1). 

However, another approach to the definition of groupwise dense families is not 
the purpose of introduction of semifilters. Quite the contrary, semifilters seem 
to constitute some rather interesting area of Set Theory, see |BZ| . In particular, 
they inherited many useful properties of filters, for example the following classical 
theorem due to Talagrand holds, see |Ta| or |BZ| . 

Theorem 1. Let J- be a semifilter on a countable set C. Then T fails to be 
meager if and only if it satisfies the above mentioned condition (2). 

(Since every semifilter T on a countable set C is a subset of the powerset 
ViC), which can be identified with the product {0,1} , we can speak about 
topological properties of semifilters. Since C is countable, V(C) and [C] are 
nothing else but homeomorphic copies of the Cantor and Baire space respectively. 
For example, the base of the topology on [C] N ° consists of subsets of the form 
G(s, t) — {A e [C] N ° : A (~l s — t}, where s and t are finite subset of C.) 

Theorem ^ implies the following characterization of groupwise dense families: 
a family V C [C] Nq is groupwise dense if and only if the family {C\D : D E T>} U 
3r(C) is a nonmeager semifilter. Therefore g is equal to the smallest cardinality 
of a collection F of nonmeager semifilters such that |~) F = $r(C). We shall prove 
a bit more. 

Observation 1. The cardinal g is egual to the smallest cardinality of a family F 
of semifilters on a countable set C such that P| F is meager. 

Proof. Let F be a family of semifilters such that f] F is meager. The only thing to 
be proved is that |F| > g. For this aim let us fix a sequence (I n )ni£uj of pairwise 
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disjoint finite subsets of C such that each member of f] F meets all but finitely 
many /„. Without loss of generality, {J neLJ I n — C. For each T G F let us make 
the notation — {G C oj : [J neG I n S J 7 }. Now, it sufficies to observe that each 
Qjr is a nonmeager semifilter on to and Plj^eF @f = ■5 r ( UJ ). ^ 

The family of all semifilters on a set C is evidently closed under taking unions 
and intersections of arbitrary subfamilies. In addition to these operations there 
is another unary one. Given any semifilter J 7 , let J 71 - = {G C C : VF E T(F n 
G ^ 0)}. (For a filter T the family J 71 - is nothing else but J- + in notations of 
C.Laflamme, see |LL| V It is clear that J- 1 - is a semifilter too. In other words, 
T 1 - = V(C) \{C\F : F e J 7 }. Consequently (J 7 ^) 1 - = T and T y is comeager if 
and only if T is meager. Let us also observe that (|"| F) 1 - = {Jjr eF J 71 ' for arbitrary 
collection of semifilters F. Thus we obtain another characterization of the cardinal 
g: it is the smallest size of a family F of non comeager semifilters on a countable 
set C such that (J F is comeager. In what follows we shall simply write $r in place 

Next, similarly to BM for every semifilter T on w we shall define a cardinal 
characteristic b(T). Its definition involves some special relation on N": 

(x n )neu> <T {y n )neu iff {n £ w : i„ < y n } G T. 

Now, b(J-) stands for the smallest size of unbounded subset of with respect 
to <jr. When J 7 = $r, then <jr is nothing else but the well-known eventual 
dominance preorder <*. For example, b(5 r r ± ) = and b(S'r) = b. Almost literal 
repetition of the proof of Theorem 16 from BM gives us the following 

Proposition 1. b(J-) > g for each nonmeager semifilter J 7 on u). 

Next, in what follows we shall intensively use set- valued maps. By a set-valued 
map $ from a set X into a set Y we understand a map from X into V(Y) and 
write $ : X => Y (here V(Y) denotes the set of all subsets of Y). For a subset 
A of X we put $(A) = \J xeA &(x) C Y. When the sets X and Y are endowed 
with some topologies, it is interesting to consider set-valued maps with certain 
topological properties. The set-valued map $ between topologival spaces X and 
Y is said to be 

• compact-valued, if <5>(x) is compact for every x £ X; 

• upper semicontinuous, if for every open subset V of Y the set ^(V) = 
{x E X : $(#) C is open in X. 

Lemma 1. Let $ : X Y be a compact-valued upper semicontinuous map 
between topological spaces X and Y such that $>(X) — Y. Then Y is Menger 
(Hurewicz) provided so is X . 

Proof. Let us fix arbitrary sequence (w„) n ew of open covers of Y. For every 
n G lj consider the family u n = {$^ 1 (Uw) : v G [«Vi] <N °}- Since $ is upper 



4 



semicontinuous and compact- valued, each u n is an open cover of X. The Menger 
property of X implies the existence of a sequence (c n ) ngli ,, where each c„ is a 
finite subset of u n , such that {Uc„ : n G lu} is a (7-) cover of X. From the 
above it follows that for every n G uj we can find a finite subset v n of w„ with 
<I>(Uc„) C Uu n . Therefore {Uv n : n 6 w} is a (7-) cover of Y, consequently Y is 
Menger (Hurewicz). □ 

The main idea of this paper is to assign to a topological space X the collection 
U(X) = {U(u,X) : u G A UJ (X)} of semifilters on countable sets, where A LU (X) 
denotes the family of all countable large open covers of X and U(u,X) is the 
smallest semifilter on u containing the family {I(x, u, X) = {U E u : x E U} : x € 
X}. It is clear that U(u,X) can be represented in the form Ut,e[«]< N o U x ex t« 
I(x, u, X), where for a subsets A and B of a set Z we denote by ]a B the family 
{C C Z : C D B \ A}. When A = 0, we shall simply write | in place of |a- When 
X (and u) are clear from the context, we shall write U(u) and I(x,u) (I(x)) 
instead of U(u, X) and I(x, u, X). 

We are in a position now to present a characterization of the properties of 
Menger and Hurewicz in terms of topological properties of semifilters, which im- 
plies the mentioned in Introduction results. 

Theorem 2. Let X be a Lindeldf topological space. Then X is Menger (Hurewicz) 
if and only if so is each U(u) G U(X). Moreover, if X is paracompact, then it is 
Hurewicz provided each semifilter U(u) G U(X) is meager. 

Remark. 1. Every Hurewicz semifilter on a countable set C is meager. Indeed, 
JMSS, Theorem 5.7] implies that each Hurewicz semifilter T on C is contained 
in a cr-compact subset of [C] N °, and each er-compact subset of the Baire space is 
meager. 

2. The "meager" part of the above characterization of the Hurewicz property 
was recently obtained by B. Tsaban |Ts2| in case of a zero-dimensional metrizable 
space X. □ 

We shall divide the proof of Theorem into a sequence of lemmas. 

Lemma 2. Let X be a topological space and u G h u (X). Then the set-valued 
map $ : X V(to), : x 1— ►f I{x), is compact-valued and upper semicontinuous. 

Proof. It is clear that $ is compact-valued, because &(x) =t L(x) is closed and 
precompact subspace of V(u). Let us show that $ is upper semicontinuous. For 
this aim let us consider arbitrary x € X and an open subset G of V{u) containing 
For every v G $(21) we can find s v G [w] <K ° such that G(s v , s v tlv) C G. 
Since $(x) is compact, we can find a finite family v C $(x) such that $(x) C 
{J{G(s V7 s v fit)) : v G v}. Put s = U{s„ : v G v}, c = s D L(x) and U = He. 
It is clear that x G U and U is open. Thus the upper semicontinuity of <!> 
will be proven as soon as we show that $(f ) G G. For this purpose let us 
fix arbitrary x\ G U and observe that /(xi) PI s D c = /(x) PI s, consequently 



5 



$(xi) C \J{G(s,v (Is) : v E $(x)} = G, and finally $(Z7) C G, which implies 
upper semicontinuity of □ 



Corollary 1. Let X 6e a Menger (Hurewicz) topological space and u G A W (JC). 
T/ien the semifilter U{u 1 X) is Menger (Hurewicz). 

Proof. Given any v E [m] <n °, consider the set- valued map Q v : X =S> V(u), 
§ v : a; i— ►f« I(x,u). Let us observe, that is a composition vf^ ^1, where 
*i : X =*> V(u\v), $1 I(x,u\v), and # 2 : V{u\v) =*> T'(u), * 2 : w «?. 

It is clear that ^2 is compact- valued upper semicontinuous, while \&i is so by 
Lemma |2 Now, Lemma ^ implies that {J xex T« I(x,u) — $ V (X) is Menger 
(Hurewicz) . Since the property of Menger (Hurewicz) is preserved by countable 
unions, the semifilter U(u) = \J ve \ u ]<x $v(X) is Menger (Hurewicz). □ 

Lemma 3. Let X be a Lindeldf topological space which fails to be Menger 
(Hurewicz). Then there exists u G A UJ (X) such that the semifilter U(u) is not 
Menger (Hurewicz). 

Proof. Assuming that X is not Menger (Hurewicz), we can find a sequence (tt„) nea) 
of countable open large covers of X such that there is no sequence (f„)„ eil , such 
that each v n is a finite subset of u n and the family {Uv n : n G oj} is a (7-) cover 
of X. Let us denote by u the union U{w„ : n G a;}. 

We claim that the semifilter U(u) is not Menger (Hurewicz). Indeed, consider 
the sequence (o n ) new of countable families of open subsets of V{u), where o n = 
{{w G V(u) : U E w} : U G u„}. Since each u„ is a large cover of A, every 
o„ covers U(u). It sufficies to show that there is no sequence (c„)„ ew such that 
every c n is a finite subset of o„ and {Uc„ : n G w} is a large (7-) cover of U(u), 
see |5c| Corollary 5]. Assume, to the contrary, that such the sequence (c„)„ ew 
exists. Then for every n G oj we can find a finite subset v n of u n such that 
c n — {{w G V{u) : w 3 U} : U E v n }. For every w E U{u) set J w = {n E oj : w E 
Uc„} = {n E uj : wC\v n ^ 0}. From the above it follows that J = {J w : w E U{u)} 
consists of infinite (cofinite) subsets of u. From the above it follows that the family 
{Ji(x,u) '■ x G A"} consists of infinite (cofinite) subsets of to too. But 

Ji(x,u) — {n E oj : I(x, u) (~)v n ^ $} = {n E oj : x E Uv n }, 

consequently {Uv n : n E oj} is a (7-) cover of X, which contradicts our choice of 
the sequence (u n )„ & . □ 

Let u be a family of a set X and B C X . From now on St(B, u) denotes the 
set U{U E u : UC\B ^ 0}. 

Lemma 4. Let X be a paracompact Lindeldf topological space. Then X is 
Hurewicz provided each semifilter U(u) E U(A) is meager. 
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Proof. Assuming that X is not Hurewicz, we shall show that X possess a count- 
able large open cover u such that the semifilter U(u) is not meager. Let («„)„ eiJ 
be a sequence of open covers of X such that {Uv n : n G lo} is a 7-cover of X 
for no sequence (tVt)ne^ such that each v n is a finite subcolection of it„. Now, it 
is a simple exercise to construct a sequence (i« n ) riew of open covers of X, where 
w n = {U n ,k ■ k G N} is a refinement of u n , such that U^M C Ui^m,' : ' — ^} f° r 
all ri2 > ni and St(B,w n ) is w„-bounded for every m re -bounded subset B of X. 
From the above it follows that for every n G lo there exists a sequence (p(n, k))k<£u> 
of natural numbers such that Li{U m ^ : i < k,n < m} U{U nj i : i > p(n, k)} = 0. 
Without loss of generality, u n — w n . 

Denote by u the union U{u„ : n G lo}. Let v : u — ► v : U Ut k * fn-n,fc be 
a bijective enumeration of it. Let us write u> in the form w = U Jiew f2 n , where 
^« = {mn.k ■ k £ N}. We claim that the semifilter U{u) fails to be meager. For 
this aim we shall show that the image T = v(U(u)) oiU(u) is not meager in V(oj). 
Otherwise, by Theorem^there exists a sequence {mi)i^ u of natural numbers such 
that every F G T (and, in particular, v(l(x,u)) for every x G X) meets all but 
finitely many half-intervals [to;, m; + i). Passing to a subsequence, if necessary, 
we may assume that m; +1 > max{m„ i p („ 2 fc ) : m„ 2 ^ < m;, [0, m;] fl £l ni ^ 0}. 
Consider a function ip : lo — > cj such that <y9 _1 (Z) = [m;,r7i; +1 ) for all i € w and 
denote by -B; the union U{v~ 1 {m) : m G tp (I)}. Then for every x G X there 
exists n G lo such that (<p o v)(I(x, u)) D [n, +00). From the above it follows that 

X ={J fl »-\rn) c\J f) |J i/»cUM' 

A crucial observation here is that the intersection HzgA Bi 1S unbounded for every 
n G lo and all infinite subsets A of lo. Before proving this observation, let us note, 
that we can reduce ourselves to subsets A such that \l\ — l%\ > 1 for all Zi, 1% G A. 
Given arbitrary I G lo, denote by K Hj i the intersection il n fl [mi, m; + i). Equipped 
with these notations, we can write 

n*«=nu u "»=nu u ^v). 

1<£A leA n£tu m£[mi,m l + 1 )nn n 1&A n£u m£K ntl 

Set B, h i = U{i/ _1 (m) : m G K nil }. Then f] leA Bi = (} leA U neuJ B n j = 
= U 2 eN A ^ieaB z (i)j. By our choice of a sequence (mi)j Eu and the subset A of lo 
we have B^^^ fl B z ^i 2 = provided 2(^2) < z (^i) f° r some l\,l 2 G A with 
^2 > h- Consequently 

f|A = IJ n ieA s z(;)ii - f| |J 

zeNT-4 ieAn>|An[o,;)| 

where N TA = {z G N A : z(l 2 ) > z(l\) for all l 2 > h}. Since the union 

U n >|An[o ()| B n ,i is u^np.orboundcd and \A n [0, Z)| — > +cxd, Z — > +00, the above 

intersection is u„-bounded for all n G lo (recall, that each u„ + i-bounded subset 
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of X is M n -bounded). Therefore there exists a sequence (t) n ) n6u , where v n is 
a finite subset of u n , such that Uv n D Ufc< n ^i>k^ii consequently the family 
{Uv n : n £ w} is a 7-cover of X, which contradicts our choice of the sequence 

(ti n )n£a). D 

Proof of Theorem [2| Follows from Lemmas ^ El EI Corollary 2] and the 
remark after the formulation of Theorem [21 □ 

The following statement is of great importance in evaluation of additivity of 
the family of subspaces with the Menger property of a topological space X. 

Proposition 2. Every comeager semifilter J- on lu is not Menger. 

Proof. Since T is comeager in the space [w] H °, which is homeomorhic to the Bairc 
space N u , there exists a dense Gs subset G of [ujf*° such that Gcf. Thus G is 
an analytic and not cr-compact subset of [oj] , consequently it contains a closed 
in subset D homeomorphic to N", see [Kel Theorem 29.3]. But simply 

fails to be Menger, consequently so is T , a contradiction. □ 

Theorem|21and Proposition^! enable us to introduce a new class of topological 
spaces. A topological space X is defined to be almost Menger, if semifilter U(u) 
is not comeager for every u £ A W (X), Theorem |21 implies that every Lindelof 
Menger space is almost Menger. 

Problem 2. Is every (metrizable separable) Lindelof almost Menger space 
Menger? 

Sometimes it is more convenient to use some modification of Theorem [21 Let 
X C Y and u = (U n ) neu be a sequence of subsets of Y. For every x £ X let 
I s (x, u, X) = {n £ lo : x £ U n }. If every I s (x,u, X) is infinite, then we shall 
denote by U s (u,X) the smallest semifilter on u containing all I s (x,u,X) (the 
letter s comes from "sequence"). In what follows we shall denote by A S (X) the set 
of all sequences u — (U n ) n&al of open nonempty subsets of a topological space X 
such that all I s (x, uX) are infinite. Again, we shall often simplify these notations 
by writing U s {u) and I s (x, u) or I s (x) in place of U s (u, X) and I s (x, u, X). 

Theorem 3. Let X be a Lindelof topological space. Then X is Menger (Hurewicz) 
if and only if for every sequence u = (U n ) n£uj £ A S (X) the semifilter U s {x,u) is 
Menger (Hurewicz) . In addition, if X is paracompact, then it is Hurewicz provided 
lA s (u) is meager for every u £ A S (X). 

Proof. Assuming that X is Menger (Hurewicz), let us fix any sequence u = 
{U n )n£u) £ A S (X). and denote by Y the product X x N. The space Y is Menger 
(Hurewicz) being a countable union of its Menger (Hurewicz) subspaces. Consider 
the cover w = {W n : n £ ui} of Y, where W„ = U n X {1, . . . , n}, and observe that 
w £ A U (Y). Applying TheoremEl we conclude that U(w) is Menger (Hurewicz) 
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subspace of P(w). Now, it sufficies to observe that U s (u) is a continuous image 
of I4(w) under the map / : w — > u>, f : W n i— » n. 

Next, assume that the semifilter U s {u) is Menger (resp. Hurewicz, meager) 
for all u G A S (X) and fix any w G A W (X). Let w = {W n : n S oj} be a 
bijective enumeration of u> and u be a sequence (W n ) n £ U . Then f(U s (u)) — U(w), 
where / : n i— > Wn is a bijection. Therefore the semihlter 14 (w) is Menger (resp. 
Hurewicz, meager). Now, it sufficies to apply Theorem|21 □ 

Additivity of the Menger property 

As we have already said in Introduction, one of the main result of this paper 
is the following 

Theorem 4. Let X a hereditarily Lindelof space. Then 
&dd(M(X)) > add(M(N<")) > g. 

Proof. Let y be a subfamily of M(X) of size \y\ < add(M(N w )) and u = 
(U n )neu) € A s (u;y). Then the semifilter U s (u, liy) is equal to the union 
{J Ye yU s (u,Y). Theorem |3 implies that every U s (u, Y) is Menger, consequent- 
ly so is their union U s {u, uy) by our choice of y. Applying Theorem [3] once 
again, we conclude that uy is Menger, which implies the inequality add(M (X)) > 
add(M(N w )). 

Next, we shall show that add(M(N")) > g. Let (w n ) neul be a sequence of open 
covers of (J y. Since X is hereditarily Lindelof, we can assume that every w n is 
a countable cover of (J y of the form w n = {W n> k '■ k G oj}. For every Y £ y let 
us find a sequence (k n (Y)) neu of natural numbers such that the sequence uy — 
(B n (Y)) neuj , where B n (Y) = [} k < kn(Y) W„ tk , belongs to A S (Y). Now, TheoremOl 
and Proposition|2 imply that the semifilter I4 s (uy, Y) fails to be comeager. Since 
\y\ < g, the semifilter T = {J Y ey ^s{uy , Y) is not comeager too, consequently 
T 1 - fails to be meager. Using \y\ < Q < b(J? ri ), we can find a sequence (fc n )„ 6w 
such that (h n (Y)) n£u <yr± (k n ) neLU for every Y E y. Let us make the following 
notation: B n = {J{U n ,k ■ k < k n }. We claim that {B n : n G lo} is a cover of uy. 
Indeed, let us fix arbitrary Y G y and y G Y. Since {k n (Y)) neuJ <jr± (rifc)fc ew , 
the set A = {n G ui : k n > k n (Y)} belongs to T 1 - and thus there exists m G 
A n I s (y, uy,Y). It sufficies to observe that y G B m . □ 

Problem 3. Is the equation add(M(A)) = add(M(N w )) true for every heredi- 
tarily Lindelof topological space? 

Additivity of the property Split (A, A) 

Throughout this paragraph, which is devoted to the property Split (A, A), every 
topological space is hereditarily Lindelof. Since every large open cover of a space 
X contains a countable large subcover (see [Tsll Proposition 1.1]), we can restrict 
ourselves to countable ones. 
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Theorem 5. Under u < q every paracompact space X with the property Split(A, A) 
is Hurewicz. 

In our proof of Theorem [5] we shall use the following straightforward conse- 
quence of a fundamental result of C.Laflamme. A semifiltcr fona countable set 
C is said to be bi-Baire, if it is neither meager nor comeager. 

Theorem 6. fWK Theorem 9.22], JfLal/) Let C be a countable set and J 7 be a 

semifilter on C. If J- is comeager (u < g and T is bi-Baire), then there exists a 
sequence (K n ) neu/ of pairwise disjoint finite subsets of C such that the set Li = 
{{n £ u> : F D K n ^ 0} : F G J-} equals to fir 1 - (is an ultrafilter on to). 

Remark. Let us observe, that if a sequence {K n ) n£uJ is such as in Theorem^ 
then for every increasing sequence (m n )„ gw of natural numbers the sequence 
(K' n = Ume[m„ m„ i) ^m)neu satisfies the condition of this Theorem too. □. 

Proof of Theorem [5J In light of Corollary 29 from |Sc] asserting that each 
Hurewicz space has the property Split(A,A), the only step to be proven is the 
inverse implication under u < q. Supppose that the paracompact space X is not 
Hurewicz. Then Theorem [5] supplies us with a cover u G A W (A) such that the 
semifilter U{u) is not meager. Therefore there exists a finite subset v of u such 
that no finite subset v\ of u \ v is a cover of X, because otherwise we can simply 
construct by induction a sequence (v n ) neuJ of pairwise disjoint finite subsets of u 
such that each w G U(u) meets all but finitely many v n , and thus U{u) is meager 
by Theorem ^ Two cases are possible. 

1. U(u) is comeager. Then we can find a sequence (u„)„ eiJ of finite subsets of u 
such as in TheoremEJ Let n n G ui be such that no finite subset of U„>„ w„ covers 
X. Since every w G U(u) meets uq = U n > na v n , we conclude that uq G A uj (X). 
From the above it follows that there exists an increasing sequence (m n ) n £ U of 
natural numbers such that mo > uq and U ni ^ U ri2 for all n\ ^ n-i, where 

U n = Ume[m„,m„ + i) Uu ™' n S W - Let US denote b y v n the union U me[m„,m„ +1 ) V m 

and observe that the sequence (v^) n ^ u; satisfies the condition of Theorem IB1 

It is clear that the family u' = {U n = Uv' n : n G u>} is a large cover of X. 
We claim that u' is not splittable. Assuming the converse, we would find two 
disjoint infinite subsets A and B of lo such that both of ua = {U n : n € A} and 
ub = {U n : n G B} are large covers of X. Since the sequence (v' n ) n&UJ satisfies the 
condition of Theorem there exists w G U(u) such that {n G u> : w (1 v' n } = A. 
By the definition of the semifilter U(u), I(x,u) G* w for some x G X. Therefore 
the set {n G B : x G U n } is a subset of a finite set {n G B : (I(x, u)\w)Civ' n ^ 0}, 
and thus ub is not a large cover of A, a contradiction. 

2. U(u) is not comeager. Then the same argument as in the first case implies 
that there exists a sequence (v n ) n&LU of finite subsets of u with the following 
properties: 

1) it saatisfies the conditions of Theorem El 

2) no finite subset of U„ ew i> n covers X; 



10 



3) Uv n =/= Uv mi n ^= m, and the family u' — {Uv n : n € uj} is a large cover of 
X. 

We claim that u' is not splittable. Assume, to the contrary, that there are infinite 
disjoint subsets A and B of u such that ua,ub £ k u (X), where ua and ub 
are defined as above. Enlarging A, if necessary, we can additionaly assume that 
A U B = uj. Since the family T = {{n E u> : w (~l t>„ ^ 0} : w £ is an 

ultrafiltcr, either yl e f or B e f . Without loss of generality, A E J 7 , which 
means that there exists x E X such that {n E uj : I(x,u) n v n ^ 0} C* A, and 
thus {n E B : I(x, u) n u n 7^ 0} = {n E B : x E Uv n } is finite, a contradiction. □ 

Another applications of Theorem [2J 

Here we shall show that we can not restrict ourselves to w-covers in Theorem 
121 and thus the family U(X) of semifilters can not be reduced to the family 
{U{u) : u E fl(X)} of filters corresponding to cj-covers of a space X. Thus 
Theorems |21 and are " purely scmifiltcr statements" . 

Proposition 3. Let u be anuj-coverofN^. ThenU(u) is meager. Moreover, the 
smallest filter V containing hi (u) is meager. 

Proof. Since u is an w-covcr, the semifilter U(u) is centered and the filter V is 
free. As it was shown in the proof of Corollary^ there exists a sequence (§ n )neu> 
of compact- valued upper semicontinuos multifunctions from into V(u) such 
that U(u) = Unew^«(^)- Eac h *n(N u ) is an image of W under a compact- 
valued upper semicontinuous set-valued map (= $„(N W ) is i^-analytic) . Since 
every iC-analytic metrizable space X is analytic (see |JR|L so is the semifilter 
U(u) being a countable union of analytic spaces, see |Kel 25. A]. Let us note, that 
V = UnGw^«' w here Uq = U{u) and U n +i is a continuous image of U% under 
the map (Ui, U2) 1— » U\ PI U^. From the above it follows that V is analytic too, 
consequently by |Tol Theorem 1, p. 30] it has the Baire property in V(u), and 
thus is meager by |Tol Theorem 1, p. 32]. □ 

Reformulating the above proposition in other terms, we obtain the subsequent 
result proved in |Sa) . 

Theorem 7. Every uj- cover o/N" is ui-groupable. 

Proposition |2 and Theorem pimply the subsequent 
Corollary 2. Under u < q every Menger space is Scheepers (= has the property 

U fi n(r,n);. 

Proof. Let (u n ) n£uj be a sequence of open covers of X such that u n +i is a refine- 
ment of u n for all n E uj. Since X is Menger, there exists a sequence (v n ) neu: 
such that each v n is a finite subset of u n and w — (Uu n ) n eu> belongs to A S (X). 
Applying Theorem and Proposition [21 we conclude that the semifilter U s {w) is 
not comeager. 
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If U s {w) is meager, then Theorem ^ gives us an increasing sequence (m n ) neu 
of natural numbers such that each A £ lA s {w) meets all but finitely many half- 
intervals [m n ,m n+ i). Let B n = U me [ m „, m „ +1 ) Uu m, n e lu. From the above it 
follows that each B n is unbounded and the family {B n : n £ lu} is a 7-cover of 

If U s (w) is bi-Baire, then by Theorem [fj] there exists a sequence (fC„) new of 
finite subsets of u> such that the family f = {{n £ w : 4 fl if„ ^ 0} : v4 € 
ZY s (w)} is an ultrafilter on to. Let (m n ) n€uJ be an increasing sequence of natural 
numbers with the property minU{-ftT m : m £ [m n+ 2,m n+ ^)} > maxL){K m : m £ 
)}. Since J" is an ultrafilter, either 

= U{[ TO "! m "+i) : n is even} 
or -Fodrf = U{[ m «' m "+i) : 71 i s odd} belongs to T. Without loss of generality, 
F = F even £ T. For every n £ w denote by S„ the set U m e[m 2 „,m 2 „ +1 ) Ufceif m ^ 
and note that B n is M n -bounded. We claim that {B n : n G lu} is an w-cover of 
X. Indeed, given any finite subset S of X, for every x £ S denote by F x the set 
{n£w: I s (x,w) fl if„ ^ 0} and note that F x € J 7 . Since J 7 is centered, there 
exists m £ Ffl DseS-^s- " S ^ be such that m £ \mi n ,mi n+ \). We claim 
that S C B n . Indeed, for every x £ 5 there exists A: £ if m n I s (x,w), and thus 
x £ UUfc G B n , which finishes our proof. □ 

Another application of Theorem |21 takes its origin in classical paper |Hu| of 
W.Hurewicz, where it was shown that a metrizable separable space X is Menger 
if and only if for every continuous function / : X — ► the image f(X) is 
not dominating with respect to the eventual dominance preorder. When X is 
zero dimensonal, the same assertion holds for continuous functions / : X — » W . 
Trying to generalize the above result outside of metrizable separable spaces, all 
one can hope is the realm of Lindelof spaces (every Menger topological space X 
is obviously Lindelof). However, this obstacle may be overcome by restriction to 
countable covers in the definitions of the Menger property. 

Definition 1. A topological space X has the property E*, if for every sequence 
(u n ) n g w of countable open covers of X there exists a sequence (v n ) neu , such that 
every v n is a finite subset of u n and IJnew = X . 

It is clear that a topological space X is Menger if and only if it has the 
property E* and is Lindelof, and every countably compact noncompact space has 
the property E* but fails to be Menger. The ideas of Hurewicz still work for 
perfectly normal spaces: a perfectly normal space X has the property E* if and 
only if there is no continuous function / : X — > R w such that f(X) is dominating, 
see |BH| . However, because of topological spaces X such that every continuous 
function / : X — > R is constant the above characterization of the property -E* is 
not true for all topological spaces. For example, consider the topological space 
Z = (R, r), where r = {(—00, a) : a £ R}. It is a simple exercise to show that 
is Lindelof and not Menger, but every continuous function / : Z^ — > R is 
constant. 
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Theorem enables us to prove a general characterization of the property E* 
involving compact-valued upper semicontinuous maps. 

Theorem 8. A topological space X has the property E* u if and only i/$(A) ^ 
for every compact-valued upper semicontinuous function $ : X =>• N w . 

Proof. The "only if" part follows from Lemma ^ which remains valid for the 
property E*. To prove the "if part, we have to find an upper semicontinuous 
compact-valued surjective map $ : X =>■ N w provided X has not the property 
E*. A literal repetition of the proof of Lemma |3| gives us a semifilter U G U(A) 
which fails to Menger. As it was shown in the proof of Corollary ^ there exists 
a sequence ($„)„ £u of compact-valued upper semicontinuous maps from X into 
such that U = \J neu $> n (X). Since the union of countably many spaces 
with the Menger property is Menger, there exists $ e {$„ : n e w} such that 
the topological space $(A) has not the Menger property. Using the already 
mentioned result of Hurewicz, we can find a continuous map / : $(X) — » 
such that T = /($(X)) is dominating in with respect to <*. Next, we 
shall find a continuous map g : T — > N w such that g(T) is dominating in the 
following more strong sense: for every x G there exists y G g(T) such that 
y n > x n for all n G u>. To find such the map g it sufficies to note, that if 
none of the maps gi : T 3 (a; n ) n g u i— > (s n+ i)„ ew has this property, then T fails 
to be dominating. And finally, consider the set-valued map '5 : g{T) => W , 
W : s(T) 3 i h {j £ : Vn G w(y n < x n )}- A direct verification shows that '5 
is compact- valued and upper semicontinuous and (f ojo/o < I ) )(A) = N". □ 
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